Introduction
In this paper, we intend to prove the existence and uniqueness of the solutions of the following nonhomogeneous nonlinear Volterra integral equation: u x f x ϕ x a F x, t, u t dt ≡ Tu, u ∈ X, 1.1 where x, t ∈ a, b , −∞ < a < b < ∞, f : a, b → R n is a mapping, and F is a continuous function on the domain D : { x, t, u : x ∈ a, b , t ∈ a, x , u ∈ X}.
The solutions of integral equations have a major role in the fields of science and engineering 1, 2 . A physical event can be modeled by the differential equation, an integral equation, an integrodifferential equation, or a system of these 3, 4 . Investigation on existence theorems for diverse nonlinear functional-integral equations has been presented in other references such as 5-10 . In this study, we will use an iterative method to prove that 1.1 has the mentioned cases under some appropriate conditions. Finally, we offer some examples that verify the application of this kind of nonlinear functional-integral equations.
Basic Concepts
In this section, we recall basic result which we will need in this paper.
Consider the nonhomogeneous nonlinear Volterra integral equation 1.1 . Through this article, we consider the complete metric space X, d , which d f, g max x∈ a,b |f x − g x |, for all f, g ∈ X and assume that ϕ is a bounded linear transformation on X.
Note that the linear mapping ϕ : X → X is called bounded, if there exists M > 0 such that ϕx ≤ M x ; for all x ∈ X. In this case, we define ϕ sup{ ϕx / x ; x / 0, x ∈ X}. Thus, ϕ is bounded if and only if ϕ < ∞, 11 . i φ is increasing,
For example, φ t μt, where 0 ≤ μ < 1, φ t t/ t 1 and φ t ln 1 t are in B.
Existence and Uniqueness of the Solution of Nonlinear Integral Equations
In this section, we will study the existence and uniqueness of the nonlinear functional-integral equation 1.1 on X. 
Then, the integral equation 1.1 has a unique fixed point u in X.
Proof. Consider the iterative scheme
3.3
As the function φ is increasing then
so, we obtain
3.5
Therefore,
Journal of Applied Mathematics and so the sequence {d u n 1 , u n } is nonincreasing and bounded below. Thus, there exists τ ≥ 0 such that lim n → ∞ d u n 1 , u n τ. Since lim sup s → τ α s < 1 and α τ < 1, then there exist r ∈ 0, 1 and > 0 such that α s < r for all s ∈ τ, τ . We can take ν ∈ N such that τ ≤ d u n 1 , u n ≤ τ for all n ∈ N with n ≥ ν. On the other hand, we have
for all n ∈ N with n ≥ ν. It follows that
and hence, {u n } is a Cauchy sequence. Since X, d is a complete metric space, then there exists a u ∈ X such that lim n → ∞ u n u. Now, by taking the limit of both sides of 3.2 , we have
3.9
So, there exists a solution u ∈ X such that Tu u. It is clear that the fixed point of T is unique.
Note 2. Theorem 3.1 was proved with the condition i , but there exist some nonlinear examples ϕ, such that by the analogue method mentioned in this theorem, the existence, and uniqueness can be proved for those. For example ϕ x sin x .
Applications
In this section, for efficiency of our theorem, some examples are introduced. For Examples 4.1 and 4.2, 5 is used. Maleknejad et al. presented some examples that the existence of their solutions can be established using their theorem. Generally, Examples 4.1 and 4.2 are introduced for the first time in this work. On the other hand, for Example 4.3, 12 is applied. In Chapter 6 of this reference, the existence theorems for Volterra integral equations with weakly singular kernels is discussed. Example 4.1 is extracted from this chapter. We have 
We write
4.4
Take p x, t x cos x 2 t / 1 xt 2 and φ t t/9. Since sup x∈ 0,1 1 0 where 0 ≤ λ < 1 and 0 < α < 1/2. Then,
Put p x, t x − t −α and φ t λt. We have
It follows that if T 1−α ≤ 1 − 2α 1/2 , then 4.5 has a unique solution in complete metric space C 0, T , R . 
